Semi-Classical Behavior of the Spectral Function by Alexandrova, Ivana
ar
X
iv
:m
at
h/
05
02
55
5v
1 
 [m
ath
.A
P]
  2
6 F
eb
 20
05
Semi-Classical Behavior of the Spectral Function1
Ivana Alexandrova
Department of Mathematics, University of Toronto, Toronto, Ontario, Canada M5S 3G3,
Tel.: 1-416-946-0318, Fax: 1-416-978-4107, email: alexandr@math.toronto.edu
February 25, 2005
Abstract
We study the semi-classical behavior of the spectral function of the Schro¨dinger
operator with short range potential. We prove that the spectral function is a semi-
classical Fourier integral operator quantizing the forward and backward Hamiltonian
flow relations of the system. Under a certain geometric condition we explicitly compute
the phase in an oscillatory integral representation of the spectral function.
1 Introduction
We study the structure of the spectral function associated with the semi-classical Schro¨dinger
operator with short range potential on Rn. We prove that the appropriately cut-off spectral
function is a semi-classical Fourier integral operator associated to the union of the backward
and the forward Hamiltonian flow relations of the principle symbol of the operator. We also
show how this allows us, under a certain geometric assumption, to compute the phase in an
oscillatory integral representation of the spectral function.
Our result is motivated by the following theorem by Vainberg. In [7, Theorem XII.5]
Vainberg considers operators of the form
A =
n∑
i,j=1
ai,j
∂2
∂xi∂xj
+
n∑
i=1
bi
∂
∂xi
+ c,
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where ai,j, bi, c ∈ C
∞(Rn) and A ≡ −∆ for ‖x‖ ≥ 1. He assumes that the energy 1 is non-
trapping for the principal symbol of A. Vainberg then establishes an asymptotic expansion
in λ→∞ of the spectral function eλ, which is defined as the Schwartz kernel of
dEλ
dλ
, where
{Eλ} denotes the spectral family of A. Vainberg expresses this asymptotic expansion in the
form of a Maslov canonical operator KΛ,λ associated to a certain Lagrangian submanifold
Λ = Λy ⊂ T
∗Rn and acting on another asymptotic sum in λ. The Lagrangian submanifold
Λy consists of the phase trajectories at energy 1 of the principal symbol of A passing through
a fixed base point x(0) = y, while the terms of the asymptotic sum on which KΛ,λ acts solve
a recurrent system of transport equations along the phase trajectories of the system.
2 The Semi-Classical Spectral Function
Here we study the semi-classical behavior of the spectral function of a Schro¨dinger operator
with short range potential at a fixed energy λ > 0. More precisely, we work in the following
setting. Let X be a smooth manifold of dimension n > 1 such that X coincides with Rn on
Rn\B(0, R0) for some R0 > 0, where B(0, R0) = {x ∈ R
n : ‖x‖ < R0} and ‖ · ‖ denotes the
Euclidean norm on Rn. Let g be a Riemannian metric on X which satisfies the condition
gij (x) = δij for ‖x‖ > R0.
Let V ∈ C∞(X ;R) be such that∣∣∣∣ ∂α∂xαV (x)
∣∣∣
Rn\B(0,R0)
∣∣∣∣ ≤ Cα(1 + ‖x‖)−µ−|α|, x ∈ Rn, µ > 0.
Then the operators P (h) = 1
2
h2∆g+V, 0 < h ≤ 1, admit unique self-adjoint extensions with
common domain H2(X). We denote by {Eµ(h)} the spectral family of the operator P (h)
and by eµ(h) the spectral function of P (h), i.e. the Schwartz kernel of
dEµ(h)
dµ
. We also let
p(x, ξ) = 1
2
‖ξ‖2g + V (x) be the semi-classical principal symbol of P.
We set R(λ± i0, h) = limǫ↓0 (P (h)− λ∓ iǫ)
−1
, where the limit is taken in the space of
bounded operators B(L2α(X), L
2
−α(X)), α >
1
2
, where
L2±α(X) =
{
f ∈ L2(X) : f |B(0,R0)〈·〉
±α ∈ L2(Rn\B(0, R0))
}
.
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The operator norm in B(L2α(X), L
2
−α(X)) will be denoted by ‖ · ‖α,−α.
Let Hp be the Hamiltonian vector field of p and let γ(·; x0, ξ0) = (x (·; x0, ξ0) , ξ(·; x0, ξ0))
denote the integral curve of Hp, or (phase) trajectory, with initial conditions (x0, ξ0) ∈ T
∗X.
We define a non-trapping energy level as follows:
Definition 1. The energy λ > 0 is non-trapping if for every (x0, ξ0) with
1
2
‖ξ0‖
2+V (x0) = λ
there exists t0 > 0 such that x (s; x0, ξ0) ∈ R
n\B(0, R0) for every |s| > t0. A phase trajectory
γ(·; x0, ξ0) is non-trapped if there exists t > 0 such that x(s; x0, ξ0) ∈ R
n\B(0, R0) for all
|s| > t.
We now choose functions χj ∈ C
∞
c (R
n\B(0, R0);R), j = 1, 2, with disjoint supports. We
assume that λ > 0 is such that P − λ is of principal type. Then it follows that Σλ = p
−1(λ)
is a 2n− 1− dimensional submanifold of T ∗Rn and
Λ+R(λ) = {(y,−η; x, ξ) : (y, η) ∈ Σλ, (x, ξ) = exp(tHp)(y, η), t > 0} ∩ T
∗(suppχ1 × suppχ2)
and
Λ−R(λ) = {(x,−ξ; y, η) : (x, ξ) ∈ Σλ, (y, η) = exp(tHp)(x, ξ), t < 0} ∩ T
∗(suppχ1 × suppχ2)
are Lagrangian submanifolds of T ∗Rn × T ∗Rn.
To state our main theorem, we further let π2 : T
∗Rn×T ∗Rn → T ∗Rn denote the canonical
projection onto the second factor. We also refer the reader to the Appendix for the definition
of the class of semi-classical Fourier integral operators Irh, r ∈ R, as well as for a review of
the relevant notions from semi-classical analysis.
We can now state the following
Theorem 1. Let ρ0 ∈ Λ
+
R(λ) be such that γ (π2 (ρ0)) is non-trapped. Let ‖R(λ±i0, h)‖α,−α =
O(hs), s ∈ R.
Then there exist open sets W± ∈ T
∗Rn × T ∗Rn, such that
χ2
dEλ
dλ
χ1 ∈ I
1
h
(
R
2n,
(
W+ ∩ Λ
+
R(λ)
)
∪
(
W− ∩ Λ
−
R(λ)
))
.
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Before proving the theorem, we would like to make two remarks:
Remark 1. The assumption on the polynomial bound of the resolvent is satisfied in a num-
ber of interesting situations: at non-trapping energies (see [6, Lemma 2.2]) and at trapping
energies λ when we assume that the resonances (λj) of P (h) are such that |ℑλj| ≥ Ch
q,
if ℜλj ∈ [λ− ǫ, λ + ǫ] for some ǫ > 0 (see [5, Proposition 5.1]). In the latter case, in or-
der to define the resonances by complex scaling, the author also assumes that there exists
θ0 ∈ [0, π), ǫ > 0, and R > 0 such that V extends holomorphically to
Dǫ,R,θ0 =
{
rω : ω ∈ Cn, dist(ω, Sn−1) < ǫ, r ∈ C, |r| > R, arg r ∈ [−ǫ, θ0 + ǫ)
}
and
∃β > 0, ∃M > 0, ∀x ∈ Dǫ,R,θ0, |V (x)| ≤ C|x|
−β.
Remark 2. [1, Theorem 1] roughly says that semi-classical Fourier integral distributions,
i.e., Schwartz kernels of the elements of Irh(R
k,Λ), r ∈ R, k ∈ N, where Λ ⊂ T ∗Rk is
a smooth closed Lagrangian submanifold, can be represented microlocally as oscillatory
integrals
∫
eiφ(x,θ)/haφ(x, θ)dθ with aφ ∈ S(1) for every non-degenerate phase function φ =
φ(x, θ) which parameterizes Λ in the sense that Λ = {(x, dxφ) : dθφ = 0} near some point
ρ ∈ Λ. Furthermore, such a phase function always exists near any point ρ ∈ Λ (see [1, Section
4.1]) and the corresponding symbol aφ with an asymptotic expansion in h can always be found
(see [1, Theorem 1]). Theorem 1 thus implies that the appropriately cut-off spectral function
always admits such an oscillatory integral representation. In Lemma 1 below we explicitly
compute the phase for certain Lagrangians.
Proof of Theorem 1. We recall that
χ2R(λ+ i0, h)χ1 − χ2R(λ− i0, h)χ1 = 2πiχ2
dEλ
dλ
χ1
Since γ(π2(ρ0)) is non-trapped, it follows that there exists an open setW+ ⊂ T
∗
R
n×T ∗Rn
such that γ(π2(ρ)) is non-trapped for every ρ ∈ W+. Let W− = {(x,−ξ; y, η) : (y,−η; x, ξ) ∈
W+}.
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By [2, Lemma 1] and the estimate ‖R(λ ± i0, h)‖α,−α = O(h
s) we then obtain that
Kχ2R(λ±i0,h)χ1 ∈ D
′
h(R
2n), where Kχ2R(λ±i0,h)χ1 denotes the Schwartz kernel of χ2R(λ ±
i0, h)χ1. The same proof as in [2, Theorem 2] then shows that
χ2R(λ± i0, h)χ1 ∈ I
1
h
(
R
2n,W± ∩ Λ
±
R(λ)
)
.
The assumption that χ1 and χ2 have disjoint supports is essential in the proof of [2, Theorem
2]. Since Λ+R(λ) and Λ
−
R(λ) are disjoint, it follows that
χ2
dEλ
dλ
χ1 ∈ I
1
h
(
R
2n,
(
W+ ∩ Λ
+
R(λ)
)
∪
(
W− ∩ Λ
−
R(λ)
))
.
We now turn to showing how the forward and backward flow relations, W+ ∩Λ
+
R(λ) and
W− ∩ Λ
−
R(λ), respectively, can be parameterized by a non-degenerate phase function. For
that we make the following assumption
Assumption 1. The trajectory γ0(·; y0, η0) = (x0(·; y0, η0), ξ0(·; y0, η0)) ⊂ Σλ with y0 ∈
suppχ1 and x0(t0; y0, η0) = z0 ∈ suppχ2 is non-trapped and is contained in a central field,
i.e. (see [4, Section 46.C]),
det
(
∂x0
∂η
(t0; y0, ·)
)
(η0) 6= 0.
By the Implicit Function Theorem, then, there exist open neighborhoods T × Y × Z
of t0, y0, x0 and a unique function η ∈ C
∞(T × Y × Z) such that η(t0, y0, x0) = η0 and
x(t; y, η(t, y, x)) = x. We can therefore define the action
Sν(y, z, t) =
∫
l(t,y,z)
L(x˙, x)dt
over the segment l(t, y, z) from (y, η(t, y, z)) to (z, ξ(t; y, η(t, y, z))) of the trajectory γ(y, η(t, y, z))
for (t, y, z) ∈ T × Y × Z, where L(x˙, x) = 1
2
‖x˙‖2 − V (x) + λ is the Lagrangian associated to
the Hamiltonian p− λ and ν = sgn t0.
We now have the following
Lemma 1. Let λ > 0 be such that P − λ is of principal type and let γ0, T, Y, Z, ν be as
above.
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Then Sν is a non-degenerate phase function and ΛSν = {(z, y, dzSν , dySν) : dtSν =
0, (t, y, z) ∈ T × Y × Z} is a closed Lagrangian submanifold such that ΛSν ⊂ Λ
ν
R(λ).
Proof. Assumption 1 allows us to apply [4, Theorem 46.C] and we obtain
dzSν(t; y, z) = ξ(t; y, η(t, y, z)). (1)
From
det
(
∂x
∂η
(t0; y0, ·)
)
(η0) 6= 0
it follows that there exists an open set U ⊂ T ∗Rn with (y0, η0) ∈ U such that
π : {(y, η; exp(t0Hp)(y, η)) : (y, η) ∈ U} → R
n × Rn,
where π : T ∗Rn×T ∗Rn → Rn×Rn is the canonical projection, is a diffeomorphism. Therefore
there exists ψ ∈ C∞(R2n) such that graph exp(t0Hp) = Λψ near (y0, η0; z0, ξ(t0; y0, η0)). Since
exp(t0Hp) is a symplectomorphism, it follows that det
(
∂2ψ(·,··)
∂x∂y
)
(x0, y0) 6= 0. This implies
that det
(
∂ξ
∂y
(t0; ·, η0)
)
(y0) 6= 0. This, on the other hand, implies that
det
(
∂x
∂η
(−t0; x0, ·)
)
(ξ0) 6= 0, where (x0, ξ0) = exp(t0Hp)(y0, η0).
Thus we can again apply [4, Theorem 46.C] and obtain
dySν(t; y, z) = −η(t, y, z). (2)
Lastly, we observe that since P − λ is of principal type, it follows that ddtSν 6= 0 on
{dtSν = p−λ = 0} and therefore Sν is a non-degenerate phase function. This, together with
(1) and (2), implies that, perhaps after decreasing T × Y × Z around (t0, y0, z0),
ΛSν =
{
(z, y, ξ (t; y, η (t, y, z)) , η (t, y, z)) :
dtSν(t, y, z) =
1
2
‖x˙ (t; y, η (t, y, z))‖2 + V (x (t; y, η (t, y, z)))− λ = 0,
(t, y, z) ∈ T × Y ×X
}
⊂ ΛνR(λ)
and ΛSν is a closed Lagrangian submanifold of T
∗R2n.
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The following lemma describes the microlocal structure of the cut-off spectral function.
Lemma 2. Let λ > 0 be such that P −λ is of principal type and ‖R(λ+ i0, h)‖α,−α = O(h
s),
s ∈ R. Let γ(·; y0, η0) with (y0, η0) ∈ Σλ, y0 ∈ suppχ1, and x(t0; y0, η0) = z0 ∈ suppχ2 be
non-trapped and contained in a central field. Let ν = sgn t0.
Then there exists aν ∈ S
n+3
2
2n+1(1) ∩ C
∞
c (R
2n+1) such that
(χ2 ⊗ χ1) eλ =
∫
e
i
h
Sν(y,x,t)aν(y, x, t)dt
microlocally near (y0,−η0; z0, ξ(t0; y0, η0)) if t0 > 0 or near (z0,−ξ(t0; y0, η0); y0, η0) if t0 < 0.
Proof. With Theorem 1 and Lemma 1 the conditions of [1, Theorem 1] are satisfied and we
obtain that there exist aν ∈ S
n+3
2
2n+1(1) ∩ C
∞
c (R
2n+1) such that
(χ2 ⊗ χ1) eλ =
∫
e
i
h
Sν(y,x,t)aν(y, x, t)dt
microlocally near (y0,−η0; z0, ξ(t0; y0, η0)) for t0 > 0 and near (z0,−ξ(t0; y0, η0); y0, η0) for
t0 < 0.
A Elements of Semi-Classical Analysis
In this section we recall some of the elements of semi-classical analysis which we will use
here. First we define two classes of symbols
Sm2n (1) =
{
a ∈ C∞
(
R
2n × (0, h0]
)
: ∀α, β ∈ Nn, sup
(x,ξ,h)∈R2n×(0,h0]
hm
∣∣∣∂αx ∂βξ a (x, ξ; h)∣∣∣ ≤ Cα,β
}
and
Sm,k (T ∗Rn) =
{
a ∈ C∞ (T ∗Rn × (0, h0]) : ∀α, β ∈ N
n,
∣∣∣∂αx∂βξ a (x, ξ; h)∣∣∣ ≤ Cα,βh−m 〈ξ〉k−|β|} ,
where h0 ∈ (0, 1] and m, k ∈ R. For a ∈ S2n (1) or a ∈ S
m,k (T ∗Rn) we define the correspond-
ing semi-classical pseudodifferential operator of class Ψmh (1,R
n) or Ψm,kh (R
n), respectively,
by setting
Oph (a) u (x) =
1
(2πh)n
∫ ∫
e
i〈x−y,ξ〉
h a (x, ξ; h)u (y) dydξ, u ∈ S (Rn) ,
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and extending the definition to S ′ (Rn) by duality. Below we shall work only with symbols
which admit asymptotic expansions in h and with pseudodifferential operators which are
quantizations of such symbols. For A ∈ Ψkh(1,R
n) or A ∈ Ψm,kh (R
n), we shall use σ0(A) and
σ(A) to denote its principal symbol and its complete symbol, respectively. A semi-classical
pseudodifferential operator will be called of principal type if its principal symbol a0 satisfies
a0 = 0 =⇒ da0 6= 0.
We also define the class of semi-classical distributions D′h(R
n) with which we will work
here
D′h(R
n) =
{
u ∈ C∞h ((0, 1];D
′ (Rn)) : ∀χ ∈ C∞c (R
n) ∃N ∈ N and CN > 0 :
|Fh (χu) (ξ, h) | ≤ CNh
−N〈ξ〉N
}
where
Fh (u) (ξ, h) =
∫
Rn
e−
i
h
〈x,ξ〉u (x, h) dx
with the obvious extension of this definition to E ′h(R
n). Everywhere here we work with the
L2− based semi-classical Sobolev spaces Hs(Rn), s ∈ R, which consist of the distributions
u ∈ D′h(R
n) such that
‖u‖2Hs(Rn) =
1
(2πh)n
∫
Rn
(1 + ‖ξ‖2)s |Fh(u)(ξ, h)|
2
dξ <∞.
We shall say that u = v microlocally (or u ≡ v) near an open or closed set U ⊂ T ∗Rn, if
P (u− v) = O (h∞) in C∞c (R
n) for every P ∈ Ψ0h (1,R
n) such that
WFh (P ) ⊂ U˜ , U¯ ⋐ U˜ ⋐ T
∗
R
n, U˜ open.
We shall also say that u satisfies a property P microlocally near an open set U ⊂ T ∗Rn if
there exists v ∈ D′h (R
n) such that u = v microlocally near U and v satisfies property P.
For open sets U, V ⊂ T ∗Rn, the operators T, T ′ ∈ Ψmh (R
n) are said to be microlocally
equivalent near V × U if for any A,B ∈ Ψ0h (R
n) such that
WFh (A) ⊂ V˜ ,WFh (B) ⊂ U˜ , V¯ ⋐ V˜ ⋐ T
∗
R
n, U¯ ⋐ U˜ ⋐ T ∗Rn, U˜ , V˜ open
A (T − T ′)B = O (h∞) : D′h (R
n)→ C∞ (Rn) .
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We shall also use the notation T ≡ T ′.
Lastly, we define global semi-classical Fourier integral operators.
Definition 2. Let Λ ⊂ T ∗Rk be a smooth closed Lagrangian submanifold with respect to
the canonical symplectic structure on T ∗Rk. Let r ∈ R. Then the space Irh
(
R
k,Λ
)
of semi-
classical Fourier integral distributions of order r associated to Λ is defined as the set of all
u ∈ D′h
(
Rk
)
such that
(
N∏
j=0
Aj
)
(u) = OL2(Rk)
(
hN−r−
k
4
)
, h→ 0,
for all N ∈ N0 and for all Aj ∈ Ψ
0
h
(
1,Rk
)
, j = 0, . . . , N − 1, with compactly supported
symbols and principal symbols vanishing on Λ, and any AN ∈ Ψ
0
h(1,R
k) with a compactly
supported symbol.
A continuous linear operator C∞c (R
m)→ D′h
(
Rl
)
, whose Schwartz kernel is an element
of Irh(R
m+l,Λ) for some Lagrangian submanifold Λ ⊂ T ∗Rm+l and some r ∈ R will be called
a global semi-classical Fourier integral operator of order r associated to Λ. We denote the
space of these operators by Irh(R
m+l,Λ).
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